This note is a continuation of [6] . Its goal is to show that some higher Massey products on elliptic curve can be computed as higher compositions in Fukaya category of the dual symplectic torus in accordance with the homological mirror conjecture of M. Kontsevich [4] . Namely, we consider triple Massey products of very simple type which are uniquely defined, compute them in terms of theta-functions and compare the result with the series one obtains in Fukaya picture. The identity we get in this way was first discovered by Kronecker.
1. Triple Massey products 1.1. General construction. Let X 1
→ X 4 be a sequence of morphisms in a triangulated category such that f 2 •f 1 = 0 and f 3 • f 2 = 0. Then one can construct the subset of elements f 3 , f 2 , f 1 in Hom −1 (X 1 , X 4 ) which is a coset by the sum of the images of the maps Hom −1 (X 2 , X 4 ) → Hom −1 (X 1 , X 4 ) : g → g • f 1 ,
Namely, k ∈ f 3 , f 2 , f 1 iff the following diagram is commutative
(1.1.1)
where the lower row is an exact triangle. This definition is equivalent to the one given in [2] . In particular, if Hom i (X 1 , X 3 ) = Hom i (X 2 , X 4 ) = 0 for i = −1, 0 then the compositions f 2 f 1 and f 3 f 2 are always zero, the product f 3 , f 2 , f 1 contains one element, and we obtain the linear map m 3 : Hom(X 1 , X 2 ) ⊗ Hom(X 2 , X 3 ) ⊗ Hom(X 3 , X 4 ) → Hom −1 (X 1 , X 4 ).
Here is a more concrete description of this map. Consider the exact triangle
Then our assumptions imply that the following natural maps are isomorphisms:
α : Hom(X 2 , K) → Hom(X 3 , X 4 ) ⊗ Hom(X 2 , X 3 ),
Now m 3 is equal to the following composition Hom(X 3 , X 4 ) ⊗ Hom(X 2 , X 3 ) ⊗ Hom(X 1 , X 2 )
Hom(X 2 , K) ⊗ Hom(X 1 , X 2 ) → Hom(X 1 , K)
where the middle arrow is the natural composition map.
1.2. Some Massey products on elliptic curve. Let us consider the simplest example of triple Massey product on elliptic curve E over a field k. Namely, we want to descibe the Massey product
If L| x 0 is trivialized then using the Serre duality the source of this arrow can be identified with (L| x ⊗ ω) * where ω is the stalk of the canonical bundle of E at zero, while the target is k. The dual map gives a canonical element s(L, x) ∈ L| x ⊗ ω. Note that L| x is a stalk of the Poincaré line bundle P on E ×Ê whereÊ is the dual elliptic curve. As we'll see below the above Massey product is the value at the point (L, x) of the canonical rational section of P ⊗ω (with poles at x = x 0 and L = O).
where s x is the canonical global section of O(x), r z for any z ∈ E is the dual of the evaluation map
The proof is straightforward and is left to the reader. Now assume that k = C and the elliptic curve E is C/Γ where Γ = Γ τ = Z + Zτ , τ is in the upper-half plane. Let us consider the line bundle L on E (equipped with a trivialization of its pull-back to C/Z) such that the classical theta-function
−x−y+ξ θ generates its space of global sections. Under the natural isomorphisms we have s x = θ(−x + ξ, τ ), the map r x 0 becomes multiplication by θ(−x − y + ξ, τ ) while r
Actually the above computation only works for a fixed elliptic curve E so below we'll have to multiply the obtained expression by some constant depending only on τ to get a canonical section of P ⊗ ω.
Comparison with Fukaya composition
2.1. Fukaya series. Let us consider the Fukaya composition of three morphisms considered in 1.2 (see [6] for notation). The corresponding four objects of the Fukaya category of a torus are: Λ 1 = (t, 0) with trivial connection, Λ 2 = (0, t) with trivial connection, Λ 3 = (t, −α 1 ) with the connection (−2πiβ 1 )dx, Λ 4 = (−α 2 , t) with the connection 2πiβ 2 dy.
Here α 1 , α 2 , β 1 , β 2 are real numbers. There is an essentially unique choice of logarithms of slopes for Λ i such that Hom 0 (Λ i , Λ i+1 ) = 0 and with such a choice one has Hom −1 (Λ 1 , Λ 4 ) = 0. Moreover, all these spaces are one-dimensional so the corresponding Fukaya composition m 3 is just a number. This composition is defined only if α 1 and α 2 are not integers. Then it is given by the following series
where we denote sign(t) = 1 for t > 0, sign(t) = −1 for t < 0, the sum is over integers m and n subject to the condition that (α 1 + m) has the same sign as (α 2 + n), The restriction on m and n is imposed by the condition for maps from the disk to be holomorphic in the definition of Fukaya composition while the sign comes from the canonical orientaion of the corresponding moduli space. We can write the above expression in the form
is a holomorphic function of z 1 and z 2 defined for Im z i ∈ Z(Im τ ), where α(z) = Im(z)/ Im(τ ).
2.2.
Poles. We claim that the above function f (z 1 , z 2 , τ ) extends to a meromorphic function in z 1 , z 2 with poles at the lattice points z 1 ∈ Γ τ or z 2 ∈ Γ τ where Γ τ = Z + Zτ . The following identities are easy to check:
Thus, in order to prove the above claim it suffices to show that f (z 1 , z 2 ) = f (z 1 , z 2 , τ ) extends to a meromorphic function in the region
with poles only at p −1 1 (Z) where p 1 is the projection to the first coordinate. If (z 1 , z 2 ) ∈ U and Im(z 1 ) > 0 then
where
is holomorphic on U. On the other hand, if (z 1 , z 2 ) ∈ U and Im(z 1 ) < 0 then
Taking into account the identity
we get the required continuation.
The above computation also shows that the poles of f (z 1 , z 2 , τ ) at the divisors z 1 = λ and z 2 = λ where λ ∈ Γ τ are of order one.
Identity. Consider the function
Since θ((τ + 1)/2, τ ) = 0, φ(z 1 , z 2 , τ ) is a holomorphic function in z 1 and z 2 . Moreover, using the transformation formula
and the formulas (2.2.2), (2.2.3) we get
But there is only one holomorphic function of z 1 , z 2 satisfying this tranformation law (up to a constant), namely, θ(z 1 + z 2 − (τ + 1)/2, τ ). Hence, we obtain the identity
where c τ is a non-zero constant depending on τ . Below we determine this constant substituting particular values of z 1 and z 2 . The identity (2.3.2) was first discovered by Kronecker [5] (see also [7] , ch. VIII).
Theorem 2.1. One has the following identity
where q = e(τ ).
Proof. In order to determine the constant c τ let us substitute z 1 = (τ + 1)/2, z 2 = τ /2 in (2.3.1). Then we obtain m≥0,n≥0
Let us rewrite the LHS in a more familiar form. First of all replacing m and n by −m − 1 and −n − 1 in the second sum one can easily see that the LHS is equal to 2 m≥0,n≥0
m≥0,n≥0
Now we notice that m≥0,n≥0
In the last step we noticed that the part of the sum over m and n of different parity is zero and then replaced (m, n) by (2m, 2n) and (2m + 1, 2n + 1). The obtained series is equal to
where δ(k) = 0 for even k and δ(k) = d|k (−1) (d−1)/2 for odd k. It is well-known that 4δ(k) is equal to r(k), the number of representations of k as sum of two squares. Basing on this it is easy to show that δ(k) is equal to the number of representations of 2k in the form 2k = (2m + 1)
2 + (2n + 1) 2 where m ≥ 0, n ≥ 0. Hence, we have the identity
Hence, we have shown that the LHS of (2.3.3) is equal to 1 2 θ(τ /2, τ ) 2 . Thus, we have
Using the representation of θ as an infinite product one can easily show that the right hand side is equal to n≥1 (1 − q n ) 3 .
If we fix z 2 and consider residues of both parts of the identity (2.3.2) at z 1 = 0 we obtain
On the other hand, the reasoning in 2.2 implies that
Thus, we recover the identity
Alternatively, one can use this identity to give another proof of (2.3.2).
2.4.
Functional equation for f (z 1 , z 2 , τ ). It is clear from the definition that
Now using the identity (2.3.2) one can easily deduce from the functional equation for theta function that f (z 1 , z 2 , τ ) satisfies the functional equation of the form
where ζ is a root of unity. Using the property
we immediately conclude that ζ 2 = 1, so ζ = ±1. Finally substituting z 1 = (τ + 1)/2, z 2 = τ /2 and looking at the sign of both sides when τ = it, t ∈ R and t → +∞ we find that ζ = 1. So the functional equation for f becomes
Some higher compositions in Fukaya category
3.1. Trapezoid compositions. Now we are going to consider some compositions m 3 in Fukaya category of a torus such that the corresponding triple Massey products on elliptic curve are not well-defined. Namely, consider four lagrangians: Λ 1 = (t, −t) and Λ 4 = (t, 0) with trivial connections, Λ 2 = (t, −α 2 ) with the connection −2πiβ 2 dx, and Λ 3 = (−α 1 , t) with the connection 2πiβ 1 dy, where α i , β i are real numbers, α i ∈ Z. There is a natural choice of logarithms of slopes so that Hom
, so the corresponding triple Massey product on elliptic curve is not defined. The Fukaya composition
is just the number given by the series
Let us define
where as before α(z) = Im(z)/ Im(τ ), α(z 1 ) ∈ Z, α(z 2 ) ∈ Z. Then the above composition is equal to
3.2. Properties of g(z 1 , z 2 , τ ). The function g is holomorphic for α(z i ) ∈ Z, i = 1, 2, and satisfies the following quasi-periodicity identities 
where h(z, τ ) is defined for α(z) ∈ Z by the formula
Then g extends to a meromorphic function on C 2 with poles of order 1 at p
The following identities hold:
3.3. Associativity constraint. We consider an example of associativity constraint for Fukaya's A ∞ -category of a torus involving triple products computed above. Namely, since m 1 = 0 we have the following identity
where a 1 , . . . , a 4 is the sequence of composable morphisms. Note that the proof of A ∞ -identities for the Fukaya compositions in our case is easy. Basically they follow from additivity of the area of plane figures. For example, the usual associativity of m 2 (which is equivalent to the addition formula for theta function) can be proved by considering two ways of cutting a non-convex quadrangle into two triangles and converting this into the identity for the corresponding generating series. Similarly, one can prove higher A ∞ -identities.
Let us consider the following five lagrangians in R 2 /Z 2 : Λ 1 = (t, −t) with trivial connection, Λ 2 = (t, α 2 ) with 2πiβ 2 dx, Λ 3 = (−α 1 − α 2 , t) with 2πi(β 1 +β 2 )dy, Λ 4 = (t, α 1 +α 2 +α 3 ) with 2πi(β 1 +β 2 +β 3 )dx, Λ 5 = (0, t) with trivial connection. Here α i , β i are real numbers, α 1 +α 2 ∈ Z, α 1 + α 3 ∈ Z. We choose liftings of Λ i to objects in Fukaya-Kontsevich category in such a way that there is a non-zero morphism a i of degree 0 from Λ i to Λ i+1 . We want to write the above A ∞ -identity for these morphisms. Note that all the Hom-spaces between our objects are either zero or one-dimensional, so the relevant compositions m 2 and m 3 are just numbers. Taking into account the fact that Λ 2 ∩ Λ 4 = Λ 3 ∩ Λ 5 = ∅ the identity boils down to
where for example m 2 (Λ 1 , Λ 2 , Λ 3 ) is the unique non-zero m 2 -composition of morphisms between Λ 1 , Λ 2 , Λ 3 , etc. Now we can express all ingredients of (3.3.1) in terms of thetafunctions, and functions f and g introduced above. Namely, denoting
Substituting this into (3.3.1) and deleting similar terms we obtain the following identity
we obtain
Thus, we can recover g from g(z, −z, τ ). The modified function g(z, −z, τ ) is meromorphic with poles of order 1 at lattice points and satisfies the equation
which follows immediately from (3.2.3). This information identifies g(z, −z, τ ) uniquely. Indeed, consider the function
Then φ is holomorphic and satisfies the equation
Clearly, there exists a unique such function. Let us introduce the following function (as we observe below this is a basic hypergeometric series with special parameters)
This function is holomorphic for y ∈ Γ τ and satisfies the equation
Then we have
Substituting this in the previous equations we deduce the following result. We used the fact that Fukaya composition satisfies axioms of A ∞ -category to derive the above identity. However, it can be also proved in a straightforward way comparing residues of both sides at poles and using quasi-periodicity identities for g. Now the identity (3.3.2) is equivalent to the following identity θ(z 1 , τ )θ(z 1 + z 2 , τ )f (z 1 + z 2 , z 3 , τ ) + θ(z 1 + z 2 + z 3 , τ )θ(z 1 + z 3 , τ )f (z 1 + z 3 , −z 3 , τ ) = θ(0, τ )θ(z 2 , τ )f (z 1 + z 2 , z 1 + z 3 , τ ) (3.4.3)
which reduces to the addition formulas for theta functions.
Remark. The function κ introduced above has the following meaning: the pair (κ(z, y, τ ), θ(z, τ )) determines a global section of a rank 2 bundle F y which is a non-trivial extension of L by the line bundle of degree 0 corresponding to y. More generally one can introduce functions κ(z, y 1 , . . . , y k , τ ) = n∈Z e(n 2 /2τ + nz) On the other hand, κ can be expressed via the basic hypergeometric series. Namely, using notation of [1] we have κ(z, y, τ ) = (1 − e(−y)) −1 · ( 2 φ 2 (1, e(−y); 0, e(τ − y); e(τ ), e(z + (τ + 1)/2)) +
